Abstract. The article is devoted to the development of the method of expansion and meansquare approximation of multiple Ito stochastic integrals, based on generalized multiple Fourier series, converging in the mean. We adapt this method for the triple Stratonovich stochastic integrals from the Taylor-Stratonovich expansion. In the article we used triple Fourier-Legendre series as well as triple trigonometric Fourier series (general case of series summation). The results of the article can be useful for numerical integration of Ito stochastic differential equations in accordance with the strong criterion.
Introduction
In this article we develop the method of expansion and mean-square approximation of multiple Ito stochastic integrals, based on generalized multiple Fourier series, converging in the mean, which was proposed by the author in [1] - [7] . Hereinafter, this method referred to as the method of multiple Fourier series.
As it turned out, the adaptation of the method of multiple Fourier series to multiple Stratonovich stochastic integrals leads to more simpler expansions of multiple stochastic integrals (see [3] - [6] , [8] ). The article is devoted to adaptation of the method of multiple Fourier series to the triple Stratonovich stochastic integrals from the so called stochastic Taylor-Stratonovich expansion [9] , [10] . In this article we consider multiple Fourier-Legendre series as well as multiple trigonometric Fourier series. At that we consider the general case of series summation.
In the section 1 we formulate the theorem (theorem 1), which is a base of the method of multiple Fourier series.
In the section 2 we formulate and prove the theorem (theorem 2) about expansion of triple Stratonovich stochastic integrals with constant weight functions, using triple Fourier-Legendre series (case of multidimensional Wiener process). In the section 3 we consider the generalization of the theorem 2 for the case of binomial weight functions. In the last section (section 4) we obtain the analogue of the theorem 1, using triple trigonometric Fourier series.
The results of the article can be useful for numerical integration of Ito stochastic differential equations in accordance with the strong (mean-square) criterion [9] , [10] .
Let (Ω, F, P) be a complete probubility space, let {F t , t ∈ [0, T ]} be a nondecreasing right-continous family of σ-subfields of F, and let f t be a standard m-dimensional Wiener stochastic process, which is F t -measurable for any t ∈ [0, T ]. We assume that the components f Let's consider the following multiple Ito and Stratonovich stochastic integrals: . . . Theorem 1 (see [1] - [6] ). Suppose that every ψ l (τ ) (l = 1, . . . , k) is a continuous on [t, T ] function and {φ j (x)} ∞ j=0 is a complete orthonormal system of continuous functions in L 2 ([t, T ]). Then . . . l.i.m. is a limit in the mean-square sense; i 1 , . . . , i k = 0, 1, . . . , m; every
is a standard Gaussian random variable for various i or j (if i = 0); C j k ...j1 is the Fourier coefficient (5); ∆w
, which satisfies the condition (6).
Let's consider the transformed particular case of the theorem 1 for k = 3 :
, where 1 A is an indicator of the set A.
Expansion of multiple Stratonovich stochastic integrals of multiplicity 3. The case of Legendre Polynomials
Theorem 2 (see [3] - [6] ). Suppose that {φ j (x)} ∞ j=0 is a complete orthonormal system of Legendre polynomials in the space
Then, for multiple Stratonovich stochastic integral of 3rd multiplicity *
(i 1 , i 2 , i 3 = 1, . . . , m) the following converging in the mean-square sense expansion
is reasonable, where
Proof. If we prove the following formulas:
l.i.m.
then in accordance with the theorem 1 (see (9) ), formulas (11) -(13), standard relations between multiple Stratonovich and Ito stochastic integrals, as well as in accordance with formulas (they also follows from the theorem 1):
w. p. 1
we will have
It means, that the expansion (2) will be proven. Let's at first proof that:
We have
Here φ j (s) looks as follows:
where P j (x) -is a Legendre polynomial. Let's substitute (17) into (16) and calculate C 0j1j1 ; j ≥ 1:
where here and further
and we used following well-known properties of Legendre polynomials:
Also, we denote dP j dy (y)
From (18) using the property of orthogonality of Legendre polynomials we get the following relation
16(2j 1 + 1)
where we used the relation
.
The relation (14) is proven. Let's check correctness of (15). Represent C 1j1j1 in the form:
are even, then, correspondently functions
It means, that C 1j1j1 = 0; j 1 ≥ 1. From the other side:
The relation (15) is proven. Let's prove the equality (11). Using (15) we get
j3 .
Since 
is uneven for uneven j 3 . It means, that C j3j1j1 = 0 for uneven j 3 . That is why we summarize using even j 3 in the right part of the formula (19). Then we have
We replaced 
It is easy to see, that the right part of the formula (21) doesn't depend on p 3 . If we prove, that
then the relaion (11) will be proven.
Using (21) and (14) we may rewrite the left part of (22) in the following form:
If we prove, that
then, the relation (11) will be proven. We have
Obtaining (25) we used the Parseval equality in the form:
and a property of othogonality of Legendre polynomials:
Then we have 
For the Legendre polynomials the following well-known estimation is correct:
where the constant K doesn't depend on y and n.
The estimation (29) may be rewritten for the function φ n (s) in the following form:
Let's estimate the right part of (28) using the estimation (29):
, where s ∈ (t, T ). Substituting the estimation (31) into the relation (25) and using in (25) the estimation (30) for |φ j3 (s)| we get:
then from (32) we find:
where the constant C doesn't depend on p 1 and T − t.
From (35) follows (24), and from (24) follows (11).
Let's prove of the equaity (12). Let's at first prove that:
6 ;
16(2j 3 + 1)
4 .
The relation (36) is proven. Let's check the equality (37). We have
are even, then functions
are uneven. It means, that C j3j31 = 0; j 3 ≥ 1. Moreover
The relation (37) is proven.
Using the obtained results we have:
j1 .
Since
and the degree of polynomial 
It explains the circumstance, that we put 2j 3 + 2 instead of p 1 in the right part of the formula (39). Moreover, the function 
is even, it means, that the function
is uneven for uneven j 1 . It means, that C j3j3j1 = 0 for uneven j 1 . It explains summation of only even j 1 in the right part (39). Then we have
We reptaced
by zero in the right part of (40), since
It is easy to see, that the right part of the formula (41) doesn't depend on p 1 . If we prove, that
then (12) will be proven. Using (41) and (36), (37) we may rewrite the left part of the formula (42) in the following form:
then the relation (12) will be proven. From (38) we get
In order to get (44) we used the Parseval equality in the form:
Then we have
, s ∈ (t, T ).
In order to get (47) we used the estimation (29). Substituting the estimation (47) into relation (44) and using in (44) the estimation (30) for |φ j1 (s 2 )| we get:
Using (33) and (34) from (48) we find:
where the constant C doesn't depend on p 3 and T − t. From (49) follows (43) and from (43) follows (12). The relation (12) is proven. Let's prove the equality (13). Since ψ 1 (τ ), ψ 2 (τ ), ψ 3 (τ ) ≡ 1, then the following relation for the Fourier coefficients is correct:
where C j = 0 for j ≥ 1 and
Therefore, considering (11) and (12), w. p. 1 we can write down the following:
The relation (13) is proven. The theorem 2 is proven. It is easy to see, that the formula (2) may be proven for the case i 1 = i 2 = i 3 using the Ito formula: * T t * t3
0 , where the equality is fulfilled w. p. 1.
Generalization of the theorem 2
Let's consider the generalization of theorem 2. Theorem 3 (see [3] - [6] ). Suppose that {φ j (x)} ∞ j=0 is a complete orthonormal system of Legendre polynomials in the space L 2 ([t, T ]). Then, for multiple Stratonovich stochastic integral of 3rd multiplicity
. . , m) the following converging in the mean-square sense expansion
is reasonable for each of the following cases:
, where
Proof. The case 1 directly follows from (9). Let's consider the case 2 (i 1 = i 2 = i 3 , l 1 = l 2 = l = l 3 and l 1 , l 3 = 0, 1, 2, . . .). So, we prove the following expansion
where the series converges in the mean-square sense; l, l 3 = 0, 1, 2, . . . and
If we prove the formula:
where the series converges in the mean-square sense and the coefficients C j3j1j1 has the form (54), then using the theorem 1 and standard relations between multiple Stratonovich and Ito stochastic integrals we get the expansion (53).
Using the theorem 1 we may write down:
w. p. 1,
In order to get (58) we used the Parseval equality, which in this case may look as follows:
Taking into account the nondecreasing of functional sequence
continuity of its members and continuity of limit function
at the interval [t, T ] in accordance with Dini test we have uniform convergence of functional sequences u n (s) to the limit function u(s) at the interval [t, T ]. From (58) using the inequality of Cauchy-Bunyakovsky we get:
, where N (ε) is found for all ε > 0. From (60) it follows (57). Further
We put 2(j 1 + l + 1) + l 3 instead of p 3 , since C j3j1j1 = 0 for j 3 > 2(j 1 + l + 1) + l 3 . This conclusion follows from the relation:
where Q 2(j1+l+1)+l3 (s) is a polynomial of the degree 2(j 1 + l + 1) + l 3 . It is easy to see, that
Note, that we introduced some coefficients C j3j1j1 in the sum , which equals to zero. From (61) and (62) we get:
In order to get (63) we used the Parseval equality of type (59) and the following relation:
where Q 2l+1+l3 (s) -is a polynomial of degree 2l + 1 + l 3 .
Further we have
where
Let's estimate the right part of (64) using (29):
From (63) and (65) we get:
where the constant C doesn't depend on p 1 and T − t. From (56), (57) and (66) follows (55), and from (55) follows the expansion (53). Let's consider the case 3 (i 2 = i 3 = i 1 , l 2 = l 3 = l = l 1 and l 1 , l 3 = 0, 1, 2, . . .). So, we prove the following expansion
where the series converges in the mean-square sense; l, l 1 = 0, 1, 2, . . . and
where the series converges in the mean-square sense and the coefficients C j3j3j1 has the form (68), then using the theorem 1 and standard relations between multiple Ito and Stratonovich stochastic integrals we get the expansion (67). Using the theorems 1 and the Ito formula we may write down:
In order to get (72) we used the Parseval equality, which in this case may look as follows:
Taking into account nondecreasing of functional sequence
at the interval [t, T ], according to Dini test we have uniform convergence of the functional sequence u n (s 1 ) to the limit function u(s) at the interval [t, T ]. From (72) using the inequality of Cauchy-Bunyakovsky we get:
, where N (ε) is found for all ε > 0. From (74) follows (71). We have
We put 2(j 3 + l + 1) + l 1 instead of p 1 , since C j3j3j1 = 0 when j 1 > 2(j 3 + l + 1) + l 1 . It follows from the relation:
It is easy to see, that
Note, that we included some coefficients C j3j3j1 in the sum , which equals to zero.
From (75) and (76) we get:
In order to get (77) we used the Parseval equality of type (73) and the following relation:
where Q 2l+1+l1 (s) -is a polynomial of degree 2l + 1 + l 1 .
Let's estimate right part of (78) using of (29):
From (77) and (79) we get:
where the constant C doesn't depend on p 3 and T − t.
From (70), (71) and (80) follows (69) and from (69) follows the expansion (67). Let's consider the case 4 (l 1 = l 2 = l 3 = l = 0, 1, 2, . . . and i 1 , i 2 , i 3 = 1, . . . , m). So, we will prove following expansion for multiple Stratonovich stochastic integral of 3rd multiplicity:
where the series converges in the mean-square sense; l = 0, 1, 2, . . . and
If we prove w. p. 1 the formula:
where the series coverges in the mean-square sense and the coefficients C j3j2j1 have the form (82), then using the theorem 1, relations (55), (69) when l 1 = l 3 = l and standard relations between multiple Stratonovich and Ito stochastic integrals we will have expansion (81). Since ψ 1 (s), ψ 2 (s), ψ 3 (s) ≡ (t − s) l , then the following relation for Fourier coefficients takes place
where C j3j2j1 has the form (82) and
Then w. p. 1:
Taking into account (55) and (69) when l 3 = l 1 = l and the Ito formula we have w. p. 1:
Here, the Parseval equality looks as follows:
w. p. 1.
The expansion (81) is proven. The theorem 3 is proven.
It is easy to see, that using Ito formula if i 1 = i 2 = i 3 we get:
4.
Expansions of multiple Stratonovich stochastic integrals of 3rd multiplicity, based on theorem 1. Trigonometric case
In this section we will prove the following theorem. Theorem 4 (see [3] - [6] ). Suppose that {φ j (x)} ∞ j=0 is a complete orthonormal system of trigonometric functions in the space L 2 ([t, T ]). Then, for multiple Stratonovich stochastic integral of 3rd multiplicity
then from the theorem 1, formulas (87) -(89) and standard relations between multiple Stratonovich and Ito stochastic integrals the expansion (4) will follow. We have:
where the summation is stopped when 2j 1 , 2j 1 − 1 > p 1 or 2j 3 , 2j 3 − 1 > p 3 and So, the relation (88) is also correct for the case of trigonometric system of functions. Let's prove the equality (89). Since ψ 1 (τ ), ψ 2 (τ ), ψ 3 (τ ) ≡ 1, then the following relation for the Fourier coefficients is correct:
Taking into account (87) and (88) w. p. 1 let's write down the following: From (87) -(89) and the theorem 1 we get the expansion (4). The theorem 4 is proven.
